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Linearity

B A system is linear if and only if:

J(Ax) = Af (x)

B [tis time time invariant if
y(t)= f(x(¢)) and

y(t+0)= f(x(t+0))
for all 6.
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Linear Systems Approach

In an LTI system, given two inputs A & B:
f(A+B)=f(A) + f(B

B Linear
X(t) = Bl Time-Invariant —»y(t) — f[X(t)]
B (LTI) System
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*Everything is Linear to First Order  *Almost

“The faster you drive, the quicker you
will get there.”

“If you pull a rubber band twice as
hard, 1t will become twice as long.”

“If you hit a ball twice as hard, 1t will
g0 twice as far.”
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The Larmor Relation
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Linearity - Examples
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L Inearization
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Moving Average

GLD (SPDR Gold Trust Shares) NYSE @ StockCharts.com
17-Sep-2010 Open 12503 High 12503 Low 12427 Close 12454 Volume 12.8M Chg -0.09 (-
= SLV (Daily) 20.29 Breakout

4 GLD (Daily) 124.54 ;

= MA(200) 114,34
—MA(20) 121.99

Could We Be Seeing A
Major Transfer Of Funds
Into Precious Metals?

Oot Nov Dec 2010 Feb Mar Apr May Jun Jul Aug Sep

http://goldstocktrades.com/blog/wp-content/uploads/2010/09/Gld-9-20-10.jpg
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2D Convolution

Boxcar
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2D Convolution

Laplacian
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2D Convolution

Reference Figure
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Impulse Response:
scale and shift
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Impulse Response
superposition
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Impulse Responses
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Rapid Events -> Blocks
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Blocks and Baseline
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Continuous Convolution

g[n]1® h[n]= Y glklhln- k]

h=—oo Discrete domain

o(t) ® h(t) = j‘: o(T)h(t — T)dT
Continuous domain

See a great article convolution at:

http://en.wikipedia.org/wiki/Convolution IR
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Properties of Convolution

Commutativity

fO®g)=] fr)gt-1)dr

u=1t—71T
= [ fe-wgwd(t-u)
= | S du

= [ g f(t—u)du
_ e)® f(1)
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Properties of Convolution

Distributivity

FO® @O +h®)=| f(O)[gt-1)+ht-1)]dt

= | f@ge-v+] fOht-1)dr
- (@ g0+ fO O ()
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Properties of Convolution

Associativity

FO®@EH®N)=f1)® [ g®h(t—1)dt

=[ f@®

| g(Dh(t—T-p)drdy

=[ f@®

= [ f@n

| h(t -7 - @)do(g(r)dr)

= [ [ (f@htt -1~ p)dp)® g(v)dr

—0)do ® g(7T)

=(f(t)® g(1)) ® h(2).
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Time Invariance

1 Trial ]

Dale and Buckner 1997

2 Trials

1 Trial
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Time Invariance?

~— 3 Trials —

Dale and Buckner 1997
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Transfer Function Model
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Brain Impulse Response

l Light Flash
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Gradient-Recalled Echo

Photic Stimulation -- GE Images
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Amplitude-weighted Linear Estimate

Residual Error
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Estimated vs. Actual fMRI Response

Signal Signal
Intensity Change (%)
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General Linear Model X
X2

(matrix form)

Y=X/[+X[ +¢

Y = f(X1)ﬁ1 f(Xz)ﬁz €
Y=In(X))B +In(X,)B3, + €
Y=X[+X,0,+XX,0;,+¢
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Time Invariance (redux)
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Gradient-Recalled Echo

Photic Stimulation -- GE Images
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Hemifield Alternation 20 seconds
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Response Latency vs. Stimulus Duration

Average of 10 recordings

Stimulus

5 0 5 10 15

Data courtesy of Robert Savoy SeCpmy
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Binocular vs Monocular Activation

baseline Binocular Monocular

Bino minus Mono
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The Euler Relation

" =Ccosx+isinx
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The Taylor Series

fx)= fla)(x-a)’ +

_ if(n) (x—a)’

n!

df(a) (x—a)' +d2f(a) (x—a)’ N +d”f(a) (x—a)" N
dx 1! dx? 2! o dx” n!

d
zf<a>+<x—a>d—f
X

&GN L .
.\ 4
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The Euler Relation - getting there

Taylor Series

_ o, df(@)(x-a)  d'f(a)(x—a) d'f(a) (x—a)"
f(x)=f(a)(x—a) + = = + 2 > +...+ e = +...

= @Y
0 n

!

McLaurin Series

2 2 3 3 n n
df(O)x+d f(ZO)x +d f(30)x +...+d ) x —
dx dx: 2! dx> 3! dx" n!

f(x)=2f(”)(0)%

J)=f(0)+
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The Euler Relation - getting there

Fay=3 £ =+ )

Sin(x) = sin(0) + x cos(0) — x“sin(0) X cos(0) = x" sin(0) = x” cos(0) —

2! 3! 4! 5!
¥ x x
—x——+———+
3t 5! 7!
*cos(0)  x’sin(0) x*cos(0) x’sin(0
cos(x):cos(0)+xsin(0)—x cos( )_x sin( )+x cos( )+x sin( )+...
2! 3! 4! 5!
x> xt x°
=]l-—+———+...
2! 4! 6!
2 3 4 5 6 7

y u u u u u u
e =l+u+—+—+—+—+—+—+
20 31 41 51 6! 7!
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The Euler Relation - getting there

2 3 4 5 6 7

y u u u u u u
e =l+u+—+—+—+—+—+—+
20 31 4! 51 6! 7!
y | 2x2 33 Y%t P 1995 Ty
e” =1+ix+ + + + + + +
21 3! 4! 5! 6! 7!

2 3 4 5 6 7
X X X X X X
=1l+x-——1i—+—+i————1—+
2! 31 4! 5! 6! 7!
x> xt X { x> x X }
=-]l-—t———4+.. 4|l xX——F+———+...
21 4! 6! 3! 50 7!
= cos(x)+isin(x).
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Fourier transform

F()=F (f(x))

@ 0o

= | _f(0)[cos(2msx) — isin(2msx)|dx

— ._oo f(x)e—Zn'isx dx

F(F ()= f(x) Letrx=2 .

= +2 Tisx d 272:
= J. = Jlx0e * F ()= J_m f(x)e " dx

1 1 = 2wiwx
7 (0= [ f@e ™ do.
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Fourier transform
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Using the Fourier Transform

B Important Pairs - Square and sinc:

F() = ya for _é<t<%

1/a

0O otherwise

.

()= T (f(1)) = Smas)
was
0 /,\\\\,///ﬂ\\\d/ \\///’\\\\’//f\\\\’,

-a/2

a/2
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Using the Fourier Transform

B Important Pairs - Exponential and Lorenztian:

foy=e™

7 (s)= °d T

iwsvd |
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Using the Fourier Transform

B Important Pairs - Gaussian:

foy=e* 1

0.81

0.61

Jme™ w |
g'(s) = \/E . 4 -2 0 2 4
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Odd and Even

f(t) 1.5

0.5

1.5 1.5

Even part Odd part
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Odd and Even

if a function is: its Fourier transform is:
Real and Even Real and Even

Real and Odd Imaginary and Odd
Imaginary and Even Imaginary and Even
Complex* and Even Complex and Even
Complex and Odd Complex and Odd

Real and Asymmetrical Complex and Hermitian
Imaginary and Asymmetrical Complex and anti-Hermitian
Real Even + Imaginary Odd Real

Real Odd + Imaginary Even Imaginary

Even Even

Odd Odd
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Shift Theorem

FLft-a)s)= | fe-a)e™ di

—2Tisa
=e

—2Tisa
=e

® OO

® OO

f(t . a)e—27tiste2nisa dt

o —00

f(l_ . a)e—ZTCl.S(l‘—a) dt

v —00

Let u = t—a and du = drt:

= e—27cisa J f(u)e—Zm'su du

= e TR £(1)](s)
= (cos(2msa) —isin2msa)F[ f(t)](s)
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Convolution Theorem

7 (f(x) ® g(x))=F (f(x)F (g(x))
7 (f()gx)=F (f(x) ®F (g(x)).
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